We study the stability of the steady waves forced by a moving localised pressure disturbance in water of finite depth. The steady waves take the form of a downstream wavetrain for subcritical flow, but for supercritical flow there is a solution branch for each specified forcing term, which has two localised solitarylike solutions for each Froude number, a small-amplitude and a large-amplitude solution. Our main purpose is to numerically investigate the stability of these steady waves by simulating the unsteady development from appropriate initial conditions. We use a forced Korteweg-de Vries model valid in the transcritical regime for weak forcing, and a fully nonlinear boundary integral simulaton. The simulations using the forced Korteweg-de Vries model are in good agreement with the fully nonlinear simulations when the Froude number is near unity for small pressure forcing, as expected. We find that the steady subcritical downstream wavetrain is stable. For supercritical flow, the small-amplitude solitary-like wave which has bifurcated from a uniform flow is stable, whereas the large-amplitude solitary-like wave which has bifurcated from a free solitary wave is unstable. Furthermore, here a difference between the forced Korteweg-de Vries model and the fully nonlinear simulations is revealed. For moderate and large pressure forcing, the forced Korteweg-de Vries model predicts a stable solitary wave moving away from the pressure forcing. while the nonlinear simulation shows that this wave evolves to a breaking wave.
Introduction
Two-dimensional surface waves generated by an applied steadily moving localized pressure distribution over water of finite water depth is a much-studied problem, especially for gravity waves when the surface tension is ignored, and has applications for the modelling of waves generated by ships. The flow parameters describing the generated waves are the Froude number F = U/(gh) 1/2 and the magnitude of applied pressure, , where U is the speed of the applied pressure forcing, h is the undisturbed water depth, and g is the acceleration of gravity.
The classical linearized theory is discussed in detail by Lamb (1945) , who showed that when the Froude number, F < 1, the solution consists of a steady downstream wavetrain, which can have a zero amplitude for certain Froude numbers. Then Schwartz (1981) solved the fully nonlinear problem for deep water numerically using a boundary integral method and showed that the downstream nonlinear waves develop steep slopes near the crest as the forcing amplitude increases. Also, again at some critical values of the speed U , the amplitude of these downstream waves vanish, and produces a drag-free solution. Vanden-Broeck and Tuck (1985) presented both linear and nonlinear numerical studies for flow in water of finite depth and showed that, for subcritical flows F < 1, the pressure forcing creates a system of trailing waves that can be used to design splashless ship bows. Asavanant et al. (2001) , using a boundary integral method, also studied the steady fully nonlinear problem for flow in water of finite depth, and obtained results for both subcritical and subcritical flows. For some ranges of the Froude number and , the subcritical solutions were wavetrains solutions similar to those found in deep water, and became drag-free solutions as F decreased. For supercritical flow and positive , some localized nonlinear waves were found in the form of non-unique solitary-like waves for the same value of F . One solution bifurcated from uniform flow and the other bifurcated from a free solitary wave. Numerical simulations have also been reported by Okita et al. (2001) , Sahin and Hyman (2001) and Scullen and Tuck (2011) , the latter two being for three-dimensional wave fields. Akylas (1984) and Wu (1987) studied a pressure forcing moving steadily in shallow water, and developed a weakly nonlinear long wave model, namely the forced Korteweg-de Vries (fKdV) equation, valid for transcritical flows where F ≈ 1. This model predicts the generation of undular bores propagating both upstream and downstream, in which the leading waves are close to being solitary waves, see the review by Grimshaw (2011) .
The aim of this paper is to study stability of both subcritical and supercritical steady solutions in the transcritical regime, where F ≈ 1. The two frameworks we use are the unsteady fKdV equation, solved numerically using a pseudo-spectral method, and a fully nonlinear model based on the Euler equations. The unsteady fully nonlinear problem is solved numerically with a boundary integral technique with a mix of Eulerian and Lagrangian frames. This approach is the same as the scheme presented by Grimshaw et al. (2009) , but implemented here in the absence of surface tension. The found unsteady solutions from these two approaches are then examined to ascertain the stability properties of the steady solutions.
In Section 2, we describe the formulations of fully nonlinear problem and the weakly nonlinear model based on the fKdV equation. The boundary integral equation method and the pseudo-spectral method are summarised in Section 3. Our numerical results are shown in Section 4, and we conclude in Section 5.
Formulation

Fully nonlinear equations
For inviscid, incompressible two-dimensional flow above a rigid boundary, the governing equations in the fluid domain D can be expressed as follows.
The free surface conditions are expressed in a semi-Lagrangian form. Thus, we let X = (x(α, t), y(α, t)) represents a point on the free surface where α is a label for fluid particles. This is a parametric representation of the free surface, and elimination of α yields the free surface as y = η(x, t). The kinematic and dynamic boundary conditions on the free surface in the case of pure gravity wave, that is zero surface tension, can be written as
Here D/Dt = ∂/∂t + ∇φ · ∇ is the material time derivative, P (x, t) is an applied localized pressure distribution moving with a constant speed U in the negative x-direction. The fluid flow is initially at rest with an undisturbed depth h. Then the pressure is suddenly applied to the free surface for t > 0. Note that in the frame moving with velocity −U , this problem can be viewed as a fixed applied pressure distribution, with a uniform flow U maintained at infinity. The governing equations (1)-(4) can be written in a non-dimensional form by introducing h as a length scale, while the time scale is h/U .
Here F = U/ √ gh is the Froude number, and p = P/ρU 2 is the moving pressure distribution. In this work, the pressure distribution is represented by a localized Gaussian function,
where is the magnitude and w is the span length of the applied pressure respectively. Other localised functions were also considered, and produced similar results to those reported here.
Forced Korteweg-de Vries equation
For the transcritical regime F ≈ 1, the waves produced by the applied pressure have long wavelengths. Thus, in the weakly nonlinear limit, an asymptotic expansion yields the unsteady fKdV equation, given by, see Akylas (1984) , or Grimshaw et al. (2009) ,
Herex = x + t andt = t are coordinates in the moving frame.
3 Numerical methods
Boundary integral method
Boundary integral methods are now commonly used to study two-dimensional unsteady free surface flows, especially the formation of steep waves. Here, we use the numerical method presented by Grimshaw et al. (2009) , based on that developed by Cooker et al. (1990) , to solve numerically the system of nonlinear equations (5)- (8). Full details of the numerical method can be found in Grimshaw et al. (2009) , so here we summarize just the main steps. Let P (s, t) = x(α, t) + iy(α, t) be the position of a point on the free surface. where t is time, and s is a parameter indicating the location of a grid point. The complex velocity, defined by w = φ x − iφ y is expressed in terms of the tangential (s) and normal (n) components to the free surface as
where * represents the complex conjugate. Then, after using the Cauchy integral formula to express w(z) in terms of points on the boundary, the continuity equation (1) and the bottom boundary condition (2) can be transformed into a matrix system at the discretization points as follows.
(12) where
A(s, s ) = Re
For an initial given shape of the free surface, we know φ, P , and P * at the points s i , i = 1, ..., N , while φ s and φ ss are approximated by interpolation formula. Then the matrices A(s, s ) and B(s, s ) represent known geometry of the problem. The linear system (12) involves only the unknown φ n at each point along the free surface and is solved iteratively. That is, we rewrite (12) as
where
Then we solve (17) iteratively for the unknown vector c,
where m denotes the m-th iteration. For the first guess, we let c 1 = d. The iterative process is terminated by measuring the error |c m+1 − c m | < T ol ≈ 10 −8 . This we have found φ n at each mesh point along the free surface. Next, we march the numerical solutions in time by solving (7) and (8). These equations are regarded as the first-order differential equations in t which can be solved numerically by a standard predictor-corrector method.
Pseudospectral method
The fKdV equation (10) is solved numerically using a combination of a finite difference method in time and a Fourier pseudospectral method in space. That is, we write (10) as
Then we apply the fourth order scheme
The spatial terms are evaluated by a pseudospectral method. We introduce the approximate solution
where Φ k (x) = exp (ikx) are the Fourier exponentials, and a k (t) are the coefficients to be determined; note that a −k =ā k on order to keep η real-valued.
Let η n j denotes the value of η at grid pointx j and timet n . To find η n+1 j
, we summarize the main steps as follows.
(1) Given η n j = η(x j ,t n ), we evaluate a n k = a k (t n ) from (23) using a Fast Fourier Transform (FFT) algorithm. The derivatives of the linear terms are easily obtained in the spectral space.
(2) The nonlinear term is found similarly, that is, we get η(x j ,t n ) at each grid pointx j , then find η(x j ,t n ) 2 in the physical space.
(3) Given the Froude number F , and the forcing p(x), we finally calculate η n+1 j from (22) atx =x j andt =t n+1 .
Numerical results
Steady Solutions
As shown in the afore-mentioned cited references, families of steady localized solutions can be found. Here we classify these families by the Froude number as subcritical F < 1, transcritical F ≈ 1, and supercritical F > 1, where the boundaries depend inter alia on the forcing amplitude. For example, when the pressure forcing is the Gaussian (9) with = 0.1, downstream wave train solutions exist in some ranges of subcritical flows (F < 1). A typical free surface profile is shown in figure 1 . As F increases, these steady solutions remain as wave trains but develop sharp crests and approach the limiting Stoke's wave. On the other hand, as F decreases, the amplitude of this downstream wave train decreases and approaches a wave-free solution, see figure 2. We define A, the wave amplitude, as the difference between the maximum point on crest and the minimum point on trough. Then the relationship between A and F is shown in figure 3 .
The steady free surface profiles for supercritical flow F > 1 differ from those for subcritical flow. For each fixed value of as F varies, there exist two families of solutions. One is a solution bifurcating from uniform flow and the other is a solution bifurcating from a free solitary wave. Two typical free surface profiles are shown in figure 4 , where the solution bifurcating from the solitary wave has the larger amplitude. Thus there is a non-unique solution for a fixed value of the Froude number. We define α as the the difference between the maximum value of free surface in the localized pressure area and the value of the undisturbed level at infinity. Then the relationship between α and F for supercritical flow is shown in figure 5 . There exists a turning point for each value of . Note that the free solitary wave family bifurcates from zero amplitude at F = 1 up to F = 1.30 which is the limiting value.
The main purpose of this present work is to study the stability of steady flows, mainly in the transcritical regime, subcritical and supercritical flows. For small values of and F ≈ 1, we use the weakly nonlinear fKdV model. But as increases, nonlinear effects have to be taken account, and then we use the fully nonlinear simulations.
Numerical Simulations
We apply the pressure distribution given by (9) on the free surface where the highest magnitude of the applied pressure is located initially at x = 0, and the span length of the applied pressure is set at w = 2 for all simulations. The fKdV equation is solved in the Eulerian coordinate while the fully nonlinear problem is solved in the mixed Eulerian-Lagrangian coordinate. Also, the applied pressure in the fully nonlinear formulation translates to the left as time increases. The comparison between these two approaches is then done by shifting the nonlinear free surface to the right where the position of the applied pressure was initially fixed at x = 0. Our main focus is on the behaviour of nonlinear waves in the transcritical regime. Thus, we perform simulations by varying the Froude number F around 1, and the pressure forcing amplitude 1. We expect the weakly nonlinear theory to provide a good approximation when F ≈ 1 and for small . Hence, the agreement and deviation between the two approaches will be revealed by varying the values of and F . At first we show simulations where the initial conditions are zero for all fields, and the forcing is then turned on.
For small forcing, = 0.01, free surface evolution for various values of F are shown in figure 6 . At F = 0.8, the fKdV and the fully nonlinear models both show train of waves on downstream. As F increases to F ≈ 1, the transcritical states exhibit the typical downstream depression, terminated by an undular bore, and an upstream elevation also terminated by an undular bore, which is the typical fKdV solution for transcritical flows, see Grimshaw (2011) . When F is increased further to 1.2, a localised steady solitary-like wave forms together with a downstream transient wave. This wave is that which has bifurcated from uniform flow. There is good qualitative and reasonable quantitative agreement here between the fKdV and fully nonlinear models.
Next we show the analogous results when = 0.1 in figure 7 . Now, there is a downstream wave train when F = 0.8, terminated by a downstream transient wave. From the nonlinear model, the downstream wave has very large sharp gradient and approaches a breaking wave at an early time, which of course the fKdV model cannot predict. As F increases, the transcritical state occurs at F ≈ 0.9 for both models. So, the range of F near 1 for transcritical state is larger than the case of smaller . Both models predict the trancsritical state until F approaches 1.2 but with different behaviours. The fKdV model predicts a relatively smooth wave upstream and downstream, while the nonlinear model predicts a very sharp crested wave, with loss of stability. We can simulate only a short early time period in the nonlinear model due to this instability of nonlinear wave. However, as F increased further, for example at F = 1.8, both fKdV and nonlinear model predict a trapped solitary-like wave in the applied pressure area. This solution is similar to the result in case of = 0.01 and F = 1.2 such that solution bifurcates from uniform flow.
Next we investigate the wave stability by setting the steady fKdV solutions as initial conditions in nonlinear simulations. Case of a wavetrain for subcritical flow: The evolution of the nonlinear free surface for F 2 = 0.8 and = 0.001 is shown in figure 8 . A small amplitude wavetrain downstream of the steady fKdV solution is set as the initial condition in this simulation. This subcritical flow solution approach a steady wavetrain after a long time. A comparison between steady and unsteady nonlinear wave at t = 100 is shown in figure 9 . It shows that this type of steady solution is stable but with some transients persisting for a long time. Case of solitary wave-like for supercritical flow, lower branch: The evolution of the nonlinear free surface for F = 1.2 and = 0.001 is shown in figure  10 . The initial condition is given by the lower branch steady fKdV solution, see figure 5 , and we see that this is stable. Case of solitary wave-like for supercritical flow, upper branch: As F increases, the evolution of the nonlinear free surface for the upper branch of figure 5 for F = 1.2 and = 0.001 is shown in figure 11 , using the fully nonlinear simulation. This large amplitude solitary-like wave approaches breaking as time increases. Hence this type of solution is unstable. As F decreases towards the resonance region, the fKdV model give a good prediction. A simulation using the initial fKdV result for the case of F = 1.1 and = 0.001 on the upper branch is shown in figure 12 . A solitary-like wave with an increasing steep profile moves upstream, leaving a very small amplitude wave of lower branch in the applied pressure area. Since its amplitude is very small when compared with the large amplitude wave upstream, it cannot be seen in figures 11 and 12.
Summary and conclusions
In this paper, we have studied the stability of both subcritical and supercritical steady waves forced by a moving pressure distribution. For subcritical flow, the steady wave solution has the form of a downstream wavetrain. But for supercritical flow, there is a family of localised solitary-like steady waves for each value of the forcing amplitude, with two solutions for each value of the Froude number, see figure 3 . The stability of these steady solutions is investigated through unsteady numerical simulations using two frameworks, namely, a fully nonlinear simulation, see section 2.1, or using the fKdV model valid in the transcritical regime for small amplitude waves, see section 2.2. For small amplitude pressure forcing, the fKdV results are in good agreement with the fully nonlinear results for Froude numbers near unity, as expected. We find that the steady subcritical downstream wavetrain is stable. But as the Froude number is increased into the transcritical regime, there is no steady solution found, until the Froude number reaches the supercritical regime. Our numerical simulations using two types of initial conditions Figure 12 : Nonlinear evolution of a supercritical free surface profile for F = 1.1 , with Gaussian forcing (9) and = 0.001, w = 2, and initial condition from the upper branch.
show that the small-amplitude steady localised solitary-like which has bifurcated from uniform flow is stable, whereas the large-amplitude steady solitary-like wave which has bifurcated from a free solitary wave is unstable. Attempts to create this unstable wave showed that it collapsed into the small-amplitude stable wave, and most of the initial energy propagated away from the forcing region as a free (stable) solitary wave. A major difference between the fKdV model and the fully nonlinear model also emerges as the forcing amplitude is increased. Thus, for the supercritical case, the fKdV model continues to predict an unstable solution with a smooth large amplitude free solitary wave moving away from the applied pressure region, but in the fully nonlinear simulations, this large amplitude free solitary wave steepens and breaks as F increases, and the nonlinear simulation then fails at an early time step. The explanation for this can be found in figure 5 , where we recall that the free solitary wave exists only for F < 1.3 and amplitude α < 0.83. As shown in figure 11 , we see that when F = 1.2 the adjustment from the forced wave input to the free wave has caused the amplitude to grow towards the maximum value, and hence breaking occurs, whereas as shown in figure 12 when F = 1.1, the amplitude growth is limited and the free wave propagates steadily.
